[1] This paper reports a modeling study on sprite streamer formation at subbreakdown conditions, i.e., the initiation of sprite streamers in a lightning field below the breakdown threshold field E k . Successful formation of streamers is observed for a variety of electric fields with the lowest field of 0.3E k when an appropriate ionization column is introduced. The simulation results also indicate that the initial ionization patch from which a streamer is initiated may become very bright following the streamer formation, and its brightness persists as the streamer continues its propagation. The overall luminous structure of the streamer and the ionization patch is very similar to the appearance of initiation of a single sprite streamer on high-speed images. The brightness of the patch depends on its initial density, and the patch with smaller density is brighter than the denser one. An analytical formula describing the temporal and spatial variation of the electric field in the streamer channel is derived to explain the brightening of the ionization column as well as the luminous streamer trail. Finally, comparisons between the streamers from the ionization patch and those forming in the vicinity of a conducting sphere in an electric field below E k show that the exponential growth rates associated with streamer characteristics are similar.
Introduction
[2] Sprite discharges are large-scale natural plasma phenomena occurring due to penetration of quasi-electrostatic (QE) lightning field to mesospheric/lower ionospheric altitudes [Pasko, 2010; Ebert et al., 2010; Pasko et al., 2012] . They consist of filamentary plasma channels known as streamers that are highly nonlinear and self-organized ionization waves [e.g., Pasko et al., 1998; Gerken et al., 2000; Pasko, 2004, 2005; Cummer et al., 2006; McHarg et al., 2007; Stenbaek-Nielsen et al., 2007; Luque and Ebert, 2009] . Various streamer models [e.g., Liu and Pasko, 2004; Liu et al., 2009a Liu et al., , 2009b Luque and Ebert, 2009; Celestin and Pasko, 2010] have been used to simulate the dynamics of sprite streamers. In general, the modeling results show that many physical parameters (e.g., velocity, radius, and brightness) of sprite streamers exponentially increase in time [e.g., Liu and Pasko, 2004; Liu et al., 2009a Liu et al., , 2009b Liu, 2010; Celestin and Pasko, 2011] . These results are consistent with the characteristics of the sprite streamers captured by highspeed camera Stenbaek-Nielsen et al., 2007; Liu et al., 2009b] .
[3] It has been generally believed that sprites/sprite streamers occur when the lightning field exceeds the conventional breakdown threshold field E k in the lower ionosphere. However, recent analysis of high-speed video observations of sprites and electromagnetic measurements of lightning field has demonstrated that the lightning field is often below E k when sprite streamers first appear on the high-speed images. Hu et al. [2007] combined optical sprite observations with low-frequency magnetic field measurements from lightning to obtain the lightning quasi-static electric (QE) fields at sprite initiation altitudes. Their results indicated that at the moment of sprite initiation, the QE field was within 20% of the predictions of conventional breakdown theory. Coordinated analysis of 16 long-delayed sprite events (occur ≥100 ms after the lightning return stroke) found that at the time of sprite initiation the lightning field can be as low as 0.2E k [Li et al., 2008] . Another recent study has also confirmed those results [Gamerota et al., 2011] .
[4] The sprite streamer theory had not been able to offer a satisfactory explanation for the above mentioned observation results. Until recently, Liu et al. [2012] reported a study on sprite streamer initiation from isolated ionization columns at subbreakdown conditions at sprite altitudes. The origin of these ionization columns may be attributed to ionospheric disturbances created by meteor trails, electrodynamic effects from thunderstorm and/or lightning, and gravity wave breaking [e.g., Suszcynsky et al., 1999; Stenbaek-Nielsen et al., 2000; Zabotin and Wright, 2001; Sentman et al., 2003; Mende et al., 2005] . Suszcynsky et al. [1999] studied the development of a sprite event in the immediate vicinity of a meteor. It was suggested that the amount of ionization in the lower ionosphere produced through inelastic collisions between vaporized meteor atoms and air molecules is significant, resulting in a 1 m wide plasma trail with a density of 10 16 m À3 initially that then expands to $1 km diameter over a period of seconds to minutes. Zabotin and Wright [2001] studied the role of meteoric dust particles in sprite formation and suggested that lightning quasi-electrostatic field may trigger an arc discharge on a conducting micrometeoroid particle ($25-100 mm radii) transforming the particle into a plasma cloud from which streamers can be initiated. It was concluded that a particle of 100 mm radius in lightning QE field can create a plasma cloud of 10-30 m radius with an average electron density of about 10 12 m À3 . Mende et al. [2005] studied the ionization of D region due to lightning-induced electromagnetic pulses and found that over a large circular region of 10 4 m thickness, elves produce average electron density on the order of 10 8 m
À3
. Another possible source for ionospheric disturbances at sprite altitudes is the inactive streamer channels from previous sprites [Stenbaek-Nielsen et al., 2000] . Currently, it is not known which mechanism is primarily responsible for the formation of ionospheric inhomogeneities leading to the initiation of sprite streamers.
[5] In this paper, we report a follow-up study on the initiation of streamers from ionospheric disturbances [Liu et al., 2012b] and present streamer simulation results for more field cases with the lowest field of 0.3E k . Here we assume that the ionospheric disturbances already exist at sprite initiation altitudes. Successful formation of streamers from an ionization patch is observed if its dimensions and density meet certain requirements. The simulation results also indicate that the initial patch may become very bright following the streamer formation and its brightness persists as the streamer continues its propagation. We further examine the effects of varying the density of the ionization patch on its brightening following the streamer formation. Finally, comparisons between the streamers from the ionization patch and those forming in the vicinity of a conducting sphere in an electric field below E k [Liu et al., 2009b; Kosar, 2010] show that the exponential growth rates associated with streamer characteristics are very similar.
Model Formulation and Simulation Setup

Model Formulation
[6] The streamer model used in this work is a modified version of the model used in Pasko [2004, 2005] and Liu et al. [2006 Liu et al. [ , 2009a Liu et al. [ , 2009b . The dynamics of a streamer is described by the electron and ion drift-diffusion equations coupled with Poisson's equation in a cylindrical coordinate system. Cylindrical symmetry is assumed in this work as we focus on studying the propagation of a single streamer without branching. The model equations are as follows:
where n e , n p , and n n are electron, positive ion, and negative ion densities, respectively;ṽ e is the drift velocity of electrons; v i is the ionization frequency; v a2 and v a3 are two-body and three-body electron attachment frequencies, respectively; b ep and b np are electron positive ion and negative positive ion recombination coefficients, respectively; D e is the electron diffusion coefficient; S ph is the electronion pair production rate due to photoionization; f is the electric potential; e is the absolute value of electron charge; and ɛ o is the permittivity of free space. Electron drift velocity is defined asṽ e ¼ Àm eẼ where m e is the absolute value of electron mobility andẼ ¼ Àrf is the electric field. Since their mobilities are 2 orders of magnitude less than the electron mobility, ions are assumed to be immobile. The coefficients of the model are assumed to be functions of the local reduced electric field E/N, where E is the magnitude of electric field and N is the neutral air density. The coefficients as functions of reduced electric field are obtained from the solution to the Boltzmann equation [Moss et al., 2006] with a few exceptions discussed in detail by Liu and Pasko [2004] . The current model accounts for the effects of photoionization in streamer dynamics by using SP 3 method Liu et al., 2007] to calculate the photoionization rate S ph . It should be noted that electron detachment from O À ions is ignored here because this process is effective on a larger time scale than streamer formation time [Liu, 2012] .
Simulation Setup
[7] In this section, we outline the respective simulation setups to model streamers forming from an ionization column and those forming in the vicinity of a conducting sphere.
Isolated Ionization Column
[8] To simulate the ionospheric disturbance, a neutral plasma column, which consists of a cylindrical body and two hemispherical end caps, is introduced in the middle of the simulation domain. The plasma density inside the body of the column is uniform in axial direction and follows Gaussian distribution in radial direction, while the density in hemispherical caps follows spherically symmetric Gaussian distribution. The peak plasma densities and characteristic spatial scales of Gaussian distributions in the body and the end caps have the same values. It is important to note that not any ionization column placed in a uniform subbreakdown electric field E 0 will lead to the inception of a streamer. Liu et al. [2012] provided simple formulae for estimating the required spatial dimension and peak plasma density for the ionization column that will allow successful streamer formation. Following that work, we first choose the radius of the column a (e.g., $6 m at 75 km altitude) to be the typical radius of the streamer head shortly after its formation. The length l is then found to give a tip electric field about 3-5E k when the column is polarized in the ambient field E 0 . In this calculation, the column is approximated as a perfect conductor. The field enhancement factor at the tip of the conductor is determined by l/a [Bazelyan and Raizer, 1998; Podenok et al., 2006] . The required peak plasma density is estimated by ensuring that the plasma column can be treated as a perfect conductor. As an example, for the column placed in an ambient field E 0 = 0.3E k at 75 km altitude, the ratio l/a is 14.5-30.5 and the required peak plasma density n e0 is 6.1 Â 10 9 À 1.2 Â 10 10 m À3 for a desired tip field of 3-5E k . The size of the simulation domain is adjusted accordingly with the size of the ionization column. In this study, for all simulation cases presented, the column length and density values for a tip electric field of 5E k is used to reduce simulation runtime.
Conducting Sphere
[9] This geometry has been utilized in many previous studies to facilitate the initiation of streamers. A conducting sphere with radius b and an electric potential f 0 is immersed in a uniform electric field E 0 . The top boundary of simulation domain is set right below the conducting sphere to simulate downward propagating positive streamers. A neutral plasma cloud with spherically symmetric Gaussian distribution is initially introduced and centered at a point on the symmetry axis below the top boundary. For all simulation cases, f 0 is chosen to give a field of 3E k at the tip of the sphere when it is polarized in E 0 . The initial input parameters for simulation setup at various altitudes are calculated once for 75 km altitude and scaled to other altitudes using similarity laws [Pasko et al., 1998; Liu and Pasko, 2006] . The field enhancement due to the conducting sphere is effective only in the region within a distance of 3b from the surface, and electric field is close to E 0 outside of this domain. In the following analysis, streamer characteristics are obtained when the model streamer exits this region where the uniform ambient field is perturbed due to the conducting sphere.
Results and Discussion
[10] As outlined in section 1, the main purpose of the present study is to further investigate the streamer formation from ionospheric disturbances. The previous study by Liu et al. [2012] reported results for sprite streamer initiation from an ionization column in an ambient field of 0.5E k . We first present simulation results for E 0 = 0.3E k at 75 km altitude, which also show successful inception of a positive streamer from an ionization patch with prescribed dimension and density from the rules discussed in section 2.2.1. Figure 1 shows the cross-sectional views of electron density distributions at four different moments of time. At time t = 0 ms, an ionization column of length l = 184 m, radius a = 6 m (i.e., l/a = 30.5), and peak plasma density n e0 = 1.2 Â 10 10 m
À3
is placed in the middle of the simulation region where an ambient electric field of E 0 = 0.3E k is applied vertically downward simulating the lightning QE field in the lower ionosphere. Preceding the positive streamer inception, the electron density distribution at t = 0.8 ms shows the formation of a sharp boundary of electron density distribution around the positive tip and a diffuse region around the negative tip of the column. Formation of these distinct regions around the opposite ends is caused by the electron drift inside the volume of the ionization column in the opposite direction of the applied electric field. The continuous upward motion of electrons raises the electron density in the region surrounding the negative tip while depleting it at the lower tip. The accumulated electrons spread out from the upper end forming the diffuse region. The depletion of the electrons in the lower tip exposes the positive ions in a thin layer around that tip, which produces a large space charge field. At time t = 1.1 ms, a positive streamer head forms from the lower tip and then propagates stably throughout the simulation region. Even though the positive streamer almost reaches the bottom boundary at t = 1.85 ms, no negative streamer originates from the upper tip of the column. We have also conducted simulations for several other ambient field cases (i.e., 0.6 and 0.8E k ) all of which show successful formation of a positive streamer but no sign for negative streamer initiation [Qin et al., 2011 [Qin et al., , 2012 . However, since the ambient field value for those cases is greater than the propagation threshold field (0.3-0.4E k ) for a negative streamer, it is possible that if the positive streamer is allowed to propagate a large distance, Figure 1 . Cross-sectional views of electron density distributions of a sprite streamer forming from an ionization column in E 0 = 0.3E k at 75 km altitude where E k = 106.4 V/m.
a negative streamer will eventually form from the upper tip of the column. Liu [2010] reported that the total current flowing in the positive streamer channel increases exponentially with time as the streamer accelerates, expands, and brightens during its propagation. Due to the exponential growth of the total current along the streamer body, the negative charge will be deposited around the origin of the positive streamer with a rate faster than its dissipation from the upper tip, which will eventually lead to negative streamer formation. Luque and Ebert [2010] studied the negative charging of the trail of a positive streamer and they have also concluded that negative streamers can form from the trail of a positive streamer.
[11] Figure 2 shows electric field profiles along the symmetry axis for the positive streamer forming from the ionization column at E 0 = 0.3E k . As can be seen from the figure, electric field continuously increases at the lower tip of the column initially because more and more positive ions are exposed. When the field reaches a value $2.8E k at t = 1.1 ms, the electric field pulse starts to move to the left, signaling the formation of the positive streamer. The maximum field of the pulse continues to increase until t = 1.15 ms, it then levels off to a constant value, which is a typical feature of streamer discharges, as the streamer continues its propagation to the left in Figure 2. 
Brightening of the Initial Ionization Column Following Streamer Formation
[12] One of the interesting features of sprite events recorded by high-speed camera is the appearance of persisting luminosities around the regions where positive streamers are initiated. The high-speed video recordings of sprites at 10,000 frames per second reported by McHarg et al. [2007] and Stenbaek-Nielsen et al. [2007] show that the trails left by positive streamer heads brightens and the resulting luminosities persist for a long time. Their results also indicate that sprites are initiated with downward propagating positive streamer heads, if negative streamers are present in an event, they form later and appear to originate at a lower altitude from existing luminous structures. Liu [2010] proposed a physical mechanism for explaining the sprite streamer luminous trail on the basis of numerical simulation results. His modeling results show that the total current flowing along the streamer body exponentially increases as the streamer accelerates, expands and brightens. This current increase leads to increase in the electric field in the streamer trail and then the brightening of that region [Liu, 2010; Luque and Ebert, 2010] . Li and Cummer [2011] also investigated the nature of the persisting luminosities, which they refer to as bright sprite cores, observed in their highspeed videos of sprites. They studied the dynamics of the electric charge in the sprite core and concluded that the sprite core is a dominant sink of negative charge transferred from downward propagating positive streamers. The sprite core is produced by collective action of many downward propagating sprite streamers, which is governed by the same principle as proposed by Liu [2010] and Qin et al. [2012] .
[13] We present simulation results on optical emissions of the positive streamer initiated from the ionization column below. The results provide further evidence for the mechanism proposed by Liu [2010] . Figures 3a-3c show cross sections of electron density, electric field, and 1PN 2 intensity distributions, respectively, for a streamer forming from an ionization patch of peak plasma density n e0 = 8.7 Â 10 9 m À3 . The magnitude of applied electric field is E o = 0.8E k and the l/a ratio is 7. Figure 3c shows an interesting feature of the optical emission distribution, brightening of the initial ionization column following the positive streamer formation, which is very similar to the luminosity often appearing above the first streamer head visible in high-speed video recordings Stenbaek-Nielsen et al., 2007; Stenbaek-Nielsen and McHarg, 2008] . The brightening of the initial ionization column above the initiation point of streamers provides evidence to support the physical mechanism proposed by Liu et al. [2012] that ionospheric inhomogeneities play an important role for initiation of some observed sprite streamers. The brightening of the ionization column is caused by the increase of the electric field in the column following the streamer formation (see the relatively strong field region between 190-225 m in Figure 3b denoted by the horizontal arrow with the enhanced optical emission intensity in Figure 3c ). The increase of the electric field results from two factors: 1) an increasing current carried by the streamer leads to negative charging of the origin of the streamer [Liu, 2010; Luque and Ebert, 2010] and 2) the lower ionization density of the column compared to the streamer electron density $10 11 m
À3
. An analytical explanation summarizing these two factors is given in the next section. To demonstrate the effect of the initial density on the brightening of the column, Figures 3d-3f show the simulation results for a column with a higher initial density than the case for Figures 3a-3c . As the initial density is increased, electric field is reduced in the volume of the ionization column, and the brightening does not occur in the same location but instead a luminous junction appears between the column and the formed positive streamer (see the region aligned by the horizontal arrow in Figures 3d-3f) . The luminous junction occurs in the transition region from low to high electron density (or from low to high conductivity). The charge drawn by the increasing streamer current accumulates around that junction where a large gradient in conductivity exists. As a result, electric field increases and then causes the brightening of this region. Our study indicates that if the initial density of the column is less than the streamer channel density, the ionization column gets very bright. The dependence of the brightness of the column on its density can be utilized for remote sensing of the electron density of inhomogeneities in the lower ionosphere.
Analytical Explanation for Brightness of the Ionization Column and the Luminous Trail of Sprites
[14] The spatial and temporal variations of the field determine the characteristics of the brightness of the conducting column or streamer channel. In this section, we formulate a simple analytical approach to evaluate the dynamics of the electric field in the ionization column and streamer channel.
[15] Considering the current flowing in the streamer channel or the ionization column, the total current is
and r ÁJ T = 0. Because bothJ T andẼ are dominated by the axial z component, the problem can be simplified as
and ∂J T /∂z = 0. Liu [2010] found that the streamer current exponentially increases with time. Let J T = J T 0 e t/t , where J T 0 is the initial value and t is the e-folding time for the increasing total current. At a fixed point in space we obtain The general solution of this differential equation can be written as
where E zG is a constant. If E z (t = 0) = E z 0 , then
The term ɛ 0 /s is the Maxwellian relaxation time scale in the streamer channel. Its value is on the order of the time needed for a streamer to move through a distance of its head radius. The Maxwellian relaxation time can be estimated by 'yakonov and Kachorovskii, 1988] , where v s is the streamer speed, r s is the streamer radius, n c is the streamer channel density, and n 0 is the density at a distance r s ahead of streamer head. The value of ln(n c /n 0 ) is about 8 according to streamer simulation results. Take a sprite streamer speed of 10 7 m/s and its head radius 100 m, ɛ 0 /s is on the order of 1 ms. This value is much smaller than the lifetime of sprite streamers, and it is also smaller than the e-folding time of the increasing current t that is on the order of 100 ms (see the next section for more detail). Therefore, after the streamer moves through several streamer heads,
The above equation shows that the field in the streamer channel will increase exponentially. It should be noted that the electric field in streamer channel in Figure 2 does not show significant growth over (1.85-1.15) = 0.7 ms. This is due to the fact that, the exponential growth rate (1/t) for this case with E 0 = 0.3E k is small, since t is larger than the value of $1 ms for E 0 = 0.5E k case (see Figure 4) . Equation (10) also describes the spatial distribution of the electric field along the streamer channel. The region with lower conductivity has larger electric field, which leads to intense optical emission from that region. This equation therefore explains both the luminous trail of sprite streamers and the influence of the density variation of the initial ionization column on its brightening. It should be noted that the above analysis assumes that the conductivity is unvarying with time and hence ignores the effects of ionization and attachment that are field dependent.
Exponential Growth Rates Associated With Sprite Streamers
[16] Exponential increase of several streamer parameters is an important characteristics of streamer propagation. Section 3.2 discusses how this property affects the luminosity of the streamer trail. In this section, we give detailed discussion on exponential growth rates associated with the streamers forming from an ionization column as well as the streamers forming in the vicinity of a conducting sphere. For both cases, we first consider streamers propagating in lightning QE fields of E 0 = 0.8, 0.6, and 0.5E k at typical sprite altitudes and then give the growth rates for other fields. Time variations of speed and brightness are shown for streamers forming from an ionization column in Figures 4a and 4b and for streamers forming in the vicinity of a conducting sphere in Figures 4c and 4d . The data are plotted on logarithmic scale and are well approximated by a straight line, which indicates that the speed and brightness of the streamers increase exponentially in time. The results also clearly indicate that the growth rates (1/t) increase with increasing ambient electric field and growth rates for brightness (here the brightness refers to the total number of photons emitted by the streamer head per second) is $3 times larger than the growth rate for speed [Liu et al., 2009b; Kosar, 2010] . The linear relationship between streamer speed v s and streamer radius r s [Liu and Pasko, 2004] , which is supported by a recent detailed analysis on sprite streamers captured by high-speed cameras [Kanmae et al., 2012] , suggests that streamer radius also grows exponentially in time. Since the emission volume of the streamer head approximately depends on the streamer radius as r s 3 , an exponential growth for the brightness can be obtained as [exp(t/t)] 3 = exp(3t/t), which explains the factor of 3 difference between the growth rates for speed and brightness. Also the results indicate that the growth rates for both speed and brightness are similar for the streamers initiated from different configurations, and they are summarized in Table 1 . Although the speed is a factor of 2-3 smaller for the streamers forming from the ionization column than the streamers forming from the conducting sphere ($10 6 m/s) at the end of simulations, both of which are smaller than the maximum speed ($10 7 m/s) observed by high-speed videos Stenbaek-Nielsen et al., 2007; Li and Cummer, 2009] , the difference can be easily explained by the exponential growth of the speed.
[17] Finally, we discuss the scaling of the growth rate with air density or altitude below. It is known that the streamer properties are scaled to altitude of interest as follows: time $1/N, length $1/N, streamer density $N 2 , and speed $N 0 [Pasko et al., 1998; Liu and Pasko, 2004] . The exponential growth of the streamer speed can be expressed as v s = v 0 e t/t and then
From equation (11) and Figure 5a , it can be seen that if the exponential growth rate is known at a particular altitude for a particular reduced field, the value can be scaled to other altitudes of interest for the same reduced field. The plot of the growth rate as a function of ambient field (Figure 5b ) suggests an exponential relation between the two parameters but further investigation is needed. Knowing the dependence of growth rate on ambient field can lead to development of a remote sensing method to determine the ambient field driving the sprite event by measuring the time variation of the brightness of observed streamers.
Conclusions
[18] This paper presents a follow-up study on sprite streamer formation at subbreakdown condition previously investigated by Liu et al. [2012] . It is found that downward propagating positive streamers can be successfully initiated from the tip of an ionospheric patch in various electric fields below the conventional breakdown threshold field E k . Although the lowest ambient field considered here is 0.3E k , there are no foreseeable factors to prevent successful formation of positive streamers in a lower field as long as it is greater than the positive streamer propagation threshold field about 0.14E k . This result explains previous observations showing lightning field is often below E k when sprites/sprite streamers are initiated [Hu et al., 2007; Li et al., 2008] . It also emphasizes that local ionospheric inhomogeneities play an important role in initiation of sprites.
[19] Even when the ambient electric field is greater than their propagation threshold field at 0.3-0.4E k , negative streamers fail to form from the other tip of the patch during the time simulated in this study. This result provides an explanation for high-speed video observations showing that sprites are commonly initiated with downward propagating positive streamers Stenbaek-Nielsen et al., 2007; Stenbaek-Nielsen and McHarg, 2008] . However, the present study does not rule out the possibility of initiation of negative streamers at later stage due to fast deposition of a large amount of negative charge by the positive streamer at its origin.
[20] A piece of evidence for this initiation mechanism of sprite streamers is the brightening of the ionization patch after the initiation of the positive streamer. This agrees with observations of single sprite streamer showing that luminous structure often appears above the first visible downward propagating streamer head StenbaekNielsen et al., 2007; Stenbaek-Nielsen and McHarg, 2008] . The brightening of the patch depends on its initial density, and the patch with smaller density is brighter than the denser patch. This dependence offers a new remote sensing technique for the ionization density of ionospheric inhomogeneities. The brightening of the patch and the sprite streamer luminous trail that has been investigated in several previous studies can be explained by a simple analytical approach formulated in this paper.
[21] Comparison between the streamers from the ionization patch and those forming in the vicinity of a conducting sphere in a uniform field below E k , a simulation setup often used in previous modeling work of sprite streamers, indicates that their propagation characteristics are very similar, particularly the exponential growth rate. This growth rate is mainly determined by the magnitude of the ambient field. Therefore, the growth rate of a streamer is probably the most important parameter characterizing its propagation in different field values. Based on simulation results, it is found that the growth rate scales with neutral density as $N, and its dependence on the field is approximately described by an exponential function.
